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given by the author at DD3,\Ehe Third International Symposium on Differential

Equations and Differential Geometry held in Changchun, China during parts of

August and September of 1982. The lectures describe some of the results

L obtained using minimax methods in critical point theory during the past
several years and give applications of the abstract results to differential

equations. In particular existence theorems are obtained for many boundary

value problems for semilinear elliptic partial differential equations.
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SOME ASPECTS OF CRITICAL POINT THEORY

Paul H. Rabinowitz*

The main goal of these lectures is to describe some of the
research done on minimax methods in critical point theory during the
past several years. A variety of abstract critical point theorems
will be stated and proved and applications of these results will be
made to differential equations. Due to time limitations we will
confine our applications to existence theorems for semilinear
elliptic boundary value probless.

To briefly describe the abstract situation that is treated,
let E be a real Banach space and I € C‘(E,R)- The Frechet
derivative of I at u will be denoted by I’'(u). It is a linear
functional on E, 4i.e. I'(u) € E*, the dual space of E. A
critical point of I 4is a point at which I'(u) = 0, i.e.

I'(u)¢ =0 (0.1)

for all ¢ € E. We then call I(u) a critical value of I. 1In
applications to differential equations this situation is of interest

since satisfying (0.1) corresponds to obtaining a weak solution of
the differential equation. Thus when applicable, critical point
theory serves as an existence mechanism for obtaining weak solutions
of differential equations as critical points of corresponding

functionals.
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This research was sponsored in part by the National Science
Foundation under Grant No. MCS-8110556 and by the United States Army
under Contract No. DAAG29-80-C-0041. Reproduction in whole or in
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The simplest kinds of critical points are local maxima and
minima of I. However we are primarily interested in indefinite
functionals, i.e. functionals which may not be bounded from above or
from below even modulo subspaces or submanifolds of finite dimension
or codimension, and such functionals may not possess any local maxima
or minima. Thus finding critical points becomes a more subtle
question. The various critical points we obtain in this paper have
the common feature that they are characterized by a minimax
procedure. Such minimax methods not only give us a critical point
.of I but also estimates for the corresponding critical value that
can be useful in some applications.

In §1, several technicalities will be discussed including the
so-called Deformation Theorem which plays a role in obtaining
critical points. The hypotheses that one needs in a PDE setting to
show a functional lies in c'(s,n) and satisfies appropriate
compactness conditions will be described. The basic ideas of minimax
theory will also be introduced. The Mountain Pass Theorem and some
PDE applications are the main topic in §2. A brief discussion of
(Brouwer and Leray-Schauder) &egree theory is given in §3 and a
Saddle Point Theorem is proved. A generalized version of the
Mountain Pass Theorem and some PDE applications are given in §4. The
role of symmetries in obtaining multiple critical points of a
functional is discussed in §5 and appropriate tools for studying this
question, in particular the notion of genus and its properties are
introduced. This machinery is used to study constrained variational
problems, a theorem of Clark, and applications. In §6 a symmetric
version of the Mountain Pass Theorem is given together with an
application. Lastly §7 deals with perturbations from symmetry in a
PDE setting,.

Some other recent sources for material on critical point theory
and applications are Nirenberg (1], Berger [2], and Rabinowitz (3],
{4). Some older references are Ljusternik and Schnirelmann [(S],
Krasnoselski (6], Vainberg [7], Palais [8], Schwartz [9] and Browder
(10},




‘We thank again the members of the Organizing Committee and the
participants for their gracious hospitality.

§1. THE DEFORMATION THEOREM AND OTHER TECHNICALITIES

This section treats some technical results that will be
important for the sequel. In particular we will describe the
Deformation Theorem and will discuss hypotheses under which the
functionals we study in the PDE setting are continuously
differentiable and satisfy appropriate compactness conditions.

Unless otherwise indicated in this paper, E denotes a real
Banach space. Weak convergence in E will be denoted by —> and
strong convergence by —», In order to obtain critical points of

I e c‘(E,R), some "compactness"” structure is generally regquired

for I. A useful hypothesis in this direction is the Palais-Smale
condition (PS). We say I satisfies (PS) if any sequence (uj)

such that II(um)| is uniformly bounded and I'(um) + 0 possesses a
convergent subsequence. Several examples of (PS) will be exhibited
in the course of our future PDE applications so we will not pause now
to give an example.

For I € C‘(E,R) and ¢,8 € R, let

xc S {ue E[]I(u) = c¢c and I'(u) = 0} and As E {ueE|1(u) <s}.

An important technical result that will be used repeatedly is the

following:

Theorem 1.1 (Deformation Theorem): Let I € c'(E,R) and satisfy

(PS). Then for any c € R, € > 0, and neighborhood 0 of L

there exigsts an € @ (0,e) and ne c((0,1) x E,E) such that for
all ueE and t e (0,1]:

1* n(0,u) = u

2° n(t,u) = u if I(u) ¢ [c - €,c + €)

3* n(t,*) 1is a homeomorphism of E ontc B

4° In(t,u) - ul < 1

3¢ LA L\ C Ae-e

6° If K, = ¢, nUIA_VCA_.

7* 1f£ I(u) 4is even in u, n(t,°) is odd in u




Proof: The proof of Theorem 1.1 can be found in [11] or (3]. See
also (8] or [10]. We will briefly mention some of the ideas behind
the proof. Suppose E = R and I € cz. Then the ordinary
differential equation

gf - =1'(¥), $(0,u) = u (1.2)

possesses a unigque solution defined on some maximal ¢t interval
(t'(u).t+(u)) for each u € E. Thus ¢ satisfies 1°, 3°, 7° above

and where defined we have
—d = [ ] d - - 2
at I(p(t,u)) = I'(y) —!dt 1T (W1 (1.3)

Consequently by (1.3), I strictly decreases along orbits of (1.2)
unless u 1is a critical point of I and this makes 5°-6° geen
plausible. Unfortunately t+(n) may not exceed 1 nor need 2°, 4°
be satisfied. However by replacing the right hand side of (1.2) by
-x{(*)I"(*) where Yx is an appropriately scaled cut off function,
it is not difficult to show the resulting flow satisfies 1°-7°. The
general case is technically more difficult since I is merely C1
and 1' € E*, not E, whiie %{ € E so (1.2) makes no sense. See
e.g. the references mentioned above for the details.
Remark 1.4: (i) Related results can be obtained if E is not a
linear space but a manifold. See e.g. {8] or [10]. (ii) The

' has been weakened somewhat by Chang

requirement that I be C
[12]). (iii) One does not need (PS) for the proof of Theorem 1.1,
but only a local version thereof such as: Whenever I(“n) + ¢ and
I'(un) + 0, (uy) is precompact. (iv) Even weaker versions of
(PS) suffice in some situations. See e.g. [13-16]. (v) One is
sometimes interested in situations in which ¢ corresponds to a
positive rather than negative gradient flow. Calling the resulting
map ; we still get Theorem 1.1 with some minor modifications. E.g.

6°® becomes

A1, {u e ElT(u) > c - e}) c {u e ElT(u) > c + €}




Before beginning with the PDE technicalities, we will discuss
the basic ideas behind the use of minimax methods in critical point
theory. Suppose I € c'(x,n) satisfies (PS) and there exists a
family S of subsets of E which is invariant under a gradient or
gradient-like flow (as in (1.2)). Define

¢ 2 inf sup I(u) (1.5)
AeS uea
Suppose further that - < c < », Then ¢ is a critical value of
I. For if not, by Theorem.1.1 with e.g. €= 1, there is an
ce (0,) and n e c((0,1) x E,E) such that

n“"eﬁ'c) C Ac—c . (1.6)

Choose A @ S such that

sup I<c+c. (1.7)
A
By hypothesis, n(1,¢) : S+ S and therefore n(1,A) € S. Hence by
(1.6) and (107)'
sup I(n(l,u)) <c~-c¢
uéli
contraxy to (1.5).
We will see many applications of this argument in the sequel.
In practice (assuming we have already verified (PS)), the main
difficulties are in finding S and avoiding critical values that may
already be known. As an almost trivial example of this argument, we
have
Proposition 1.83 Suppose I € C‘(B,R), satisfies (PS), and is
bounded from below. Then
¢ = inf I
B
is a critical value of I.
Proofs Take S = {{x}lx e l}. Then n(1,°) ¢trivially maps S + S
and (1.5) reduces to the inf of I on E.




We will conclude this section with some results that are
necessary for our later PDE applications. We prefer to work with the
simplest such situation and therefore will restrict our applications

to problems of the form:
~Ma = p(x,u), xe (1.9)
ua=0, x e 3

where here and in all of our PDE applications Q C R" is a bounded
domain with a smooth boundary. We assume p satisfies

(p,) p e€c(d xRR),
and

(pz) there are constants a,a, 2 0 such that

Ip(x,E)] < a,151% + a,

where 0 < 8 < (n + 2)(n - 2)-1 if n> 2.

Hypothesis (p,) is dictated by the Sobolev Embedding Theorem and can
be weakened if n = 2. Our results also apply when n = 1 in which
case (p,) is not needed.

Let P denote the prim;tive of p, i.e.

13
P(x,E) = [ plx,t)at
0

and let E = w;'z(n), the usual Sobolev space obtained as the

closure of C:(Q) under

2
IulB

tut? = [ |val?ax
2

(The usual norm in E is

(J (1val? + u®rax)'?
Q

which by the Poincaré inequality is equivalent to the norm we use).
Even if not stated explicitly there, in each of our future PDE




applications, E = w;'z(n). Define for u € E,

J(u) = [ P(x,u(x))ax .
a

Propogition 1.10: Let p satisfy (pq)-(py). Then J € c'(s,n) and

for u,$ € E,

J'(u)¢ = [ plx,ulx))é(x)ax .
a

Moreover J is weakly continuous, l.e. up, == u in E implies
J(un) + J(u), and J'(u) maps weakly convergent to strongly

convergent sequences, i.e. wu, =~ u in E implies

f pi{x,u )¢ax + f pix,u) ddx
b n Q

uniformly for ¢ in the unit ball in BE.

Proof: For the proof of these factsa, see [3] or [13].

With these preliminaries, the relationship between (1.9) and
critical point .theory becomes clear. Set

2

1w = [ 1 1Valfax - 3w = 3 wi? - g (1.11)

Q
The form of I and Proposition 1.10 imply I e CT(E,R) and

I'(u)é = [ (VueVé = p(x,u)$)dx (1.12)
Q

for all ¢ € E. Thus a critical point of I is a weak solution of

(1.9).

Propogition 1.13: If p satisfies (p,) and

(py) P is locally Lipschitz continuous in R xR,

any weak solution of (1.9) is a classical solution.

Proof. See e.g. [(17].

In order to apply the abstract theorems we will be studying next
to (1.11), we must verify that I satisfies (PS). This will be done
in later sections under various hypotheses on p. The verification
procegss can be gimplified with the aid of the following:




Proposition 1.14: Suppose p satisfies (py), (p;) and I is
defined by (1.11). If (u ) is a sequence in E such that (u,)

is bounded and I'(um) + 0, then (u,) possesses a convergent
subsequence.
Remark 1.15: By Proposition 1.14, to verify (PS) in our PDE setting

all we need show is whenever I(um) is bounded and I'(un) + 0,
then (“m) is bounded.

Proof of Proposition 1.14: Since (“n) is bounded, it possesses a
weakly convergent subsequence which we also denote by (u,). say
um'-h'um Let L denote the canonical injection of E* to E. The

form of I' implies
LI'(n) =u=-2J%) . {1.16)
Tﬁul
L I'(um) =u - ) J'(um) +0 " (1.17)

and by Proposition 1.10, £ J'(um) converges to £ J'(u). Hence

W, has a convergent subsequence.

§2. THE MOUNTAIN PASS THEOREM ‘

In this section we will study the Mountain Pass Theorem and some
variants of this result. Below BR(x) denotes the open ball of
radiue R in E centered at x. If x = 0, we simply write Bgp.

Theorem 2.1 (Mountain Pass Theorem [18]): Let I € C1(E,R) and

satisfy (PS). Suppose I also satisfies

(11) I(0) = 0 and there are constants p,a > 0 such that
Ilaap > a,
(Iz) There is an e € E\Ep such that I(e) < 0,
Then I possesses a critical value c > a which can be
characterized as

¢ Zinf max I{g(t)) (2.2)
gel’ te(0,1]

where

I ={gec(fo,11,E)|g(0) = 0,g(1) = e}




Proof: Since anp separates 0 and e and each curve g([0,1])
joins 0 and e, gl([0,1]) N anp # ¢ and therefore
max I(g(t)) > a
tel0,1)
via (I4). Hence c > a. To see that c is a critical value,
suppose not. Then we can invoke Theorem 1.1 with € --29 and
0= ¢. With € and n as given by Theorem 1.1, choose g e I
such that
max I(g(t)) <c + ¢ (2.3)
telo,1)
and consider n(1,g(t)) = h(t). If heT, (2.3) and 6°* of Theorem
1.1 imply that
max I(h(t)) <c - ¢ (2.4)
te(o,1)
contrary to the definition of ¢ in (2.2). Thus ¢ must be a
critical value of I. To verify that h e I', observe that
h e c([0,1],E). Moreover our choice of € and 2* of Theorem 1.1
imply that h(0) = n(1,g(0)) = n(1,0) = 0 and h(1) = n(1,g(1)) =
n{(t,e) = e. Thugs h @T and the proof is complete.
Remark 2.5: The Mountain Pass Theorem is due to Ambrosetti and
Rabinowitz {18]. It is s0 named because (I4)=(X,) imply 0 and e
are separated by a "mountain range"™ and therefore there must be a
mountain pass through this range. Thus our characterization of ¢
seems natural. However there are other ways to characterize a
critical value of I which are also geometrically natural and which
may in general give a different critical value than ¢ above.
Indeed there is no definitive characterization of a critical value
of I for the class of problems we study. Choosing sets with
respect to which to minimax I 4is a vexy ad hoc process.
The next result illustrates the above remarks by producing
another critical value for I which may not equal c.
Theorem 2.6 [18]: Under the hypotheses of Theorem 2.1, I possesses
a critical value b such that a €< b < ¢ where b can be

characterized as

-9-




b = gup inf I(u) (2.7)
BEW u€dB

where
W={BC E[0e@B open and e ¢ B) .
Proof: By (I4),

infI > a

3Bp

so b>a. If BEe€W and geT,
BN g([o,1)) # ¢ .
Thus if w lies in this intersection,

inf I € I(w) < max 1.
B g([0,1])

Since this is true for any B €W and g€ T, b <c. Lastly if

B is not a critical value of I, letting t= gﬂ Theorem 1.1 and

Remark 1.4 (v) give us € € (O,E) and nec(fo,1] xE,E) such that

nMLA_)CA . (2.8)

where As = {yu @ E[I(u) » 8}. Choose B € W such that

inf I>b-c¢. (2.9)
)]

and consider n(1,B). This is an open set since n(1,¢) 1is a
homeomorphism. Moreover n(1,0) = 0 and n(t1,e) = e via our choice

of € so 0 e n{1,B) and e ¢ n(1,B)s Thus n(1,B) € W and

inf I<b. (2.10)
an(1,B)

But 9n(1,B) = n(1,3B) since n(1,¢) 1is a homeomorphism and
therefore by (2.8) and (2.9),

inf I>b+e (2.11)
an(1,B)

contrary to (2.10).

=10~




Exercise 2.12: Give an example where b # ¢ (e.g. in R)

Using the dual approach to the Mountain Pass Theorem as in this
last result, we can prove a critical point theorem for a “degenerate"
situation (see also [19]).

Theorem 2.13: Let I € c‘(E,R) and satisfy (PS). Suppose I

satisfies

(I;) I(0) = 0 and there is a p > 0 such that I - >0
and (12). Then 1 possesses a critical value b > 0, as °
characterized by (2.7). Moreover if b = 0, there exists a critical
value of I on 3Bp.
Proof: If b > 0, the proof of Theorem 2.6 carries over to this
case without any change. Thus suppose b = 0. Without loss of

generality we can assume

min(p,lel = p) > 1, (2.14)
If I has a critical value on 38p, vwe are through. Thus suppose
I' # 0 on asp. Therefore since K; is compact by (PS), there is
a neig?borhood 0 of X, such that 0 N SEP = ¢, By Theorem 1.1
with €= 1, there is an € e (0,1) and ne c((0,1] xE,E] such
that

n(1L,A_\O) CA_ .

In particu}ar ;(1,339) = 3;(1,39) C ;e and
dnf I e,
3n(1,ap)
Thus we have a contradiction to .b = 0 provided that ;(1,89) e w.
It suffices to verify that 0 e n(1,ap) and e ¢ n(1,Bp). Since
n(1,°) is a homeomorphism of E onto E, there exists an x € E
such that ;(1,x) = 0, Moreover by 4° of Theorem 1.1,
I;(1,x) - xi = Ixl € 1 f p via (2,14) s0o x @ Bp. Similarly there
is a ! @ E such that n{l,y) =e. If y & Bp,
ly - n{1,y)! = ly ~el € 1 contrary to (2.14). Thus I has a
critical point on asp and the proof is complete.
Remark 2.15: The conclusions of Theorem 2.13 hold if in (I;) wo

replace aBp by 9B for some B & W. Indeed the same proof works.

-11-



Corollary 2.16 [3]: Let I € C‘(E,R) and satisfy (Ps). If I
possesses a pair of local minima, then I possesses a third critical
point.

Proof: Suppose the local minima occur at Xqe%y respectively,

I(xi) = a., i=1,2, and a, » a,. Without loss of generality we

2

can assume 01 = 0 and xy = 0. Since 0 1is a local minimum for

I, (I;) is satisfied -and the result follows from Theorem 2.13.
Remark 2.17: If in the setting of Corollary 2.16, b as defined by

(2.7) equals - 0, then K, contains a component which meets asr
for each small r. For since 0 4is a local minimum for I, there
is an r > 0 such that I >0 in B.. Thus by Remark 2.15 for any
Bew with B C Bt, xo N 3B # ¢. The result then follows from a
standard argument in point set topology (see e.g. [20]).

Now we turn‘to some applications of the Mountain Pass Theorem to
PDE;s. Consider (1.9).
Theorem 2.18 (18]: If p satisfies (py)-(p,),
" (py) p(x,E) = o(lE]) as E +0,

(pg) There is a u > 2 and r > 0 such that

0 < uP(x,E) < &p(x,E) for |&l >r ,

then (1.9) possesses a nontrivial weak solution.
Remark 2.19: Note that (p;) implies that u =0 is a solution of
(1.9) which we will call the trivial solution of (1.9). Hypothesis

(p‘) implies there are constants aj,a, > 0 such that

P(x,E) » a3|:|" - a (2.20)

4

for all £ e R. Thus P grows at a "superquadratic® rate and by
(P4)s p at a "superlinear” rate as |€] + ». Consequently by
{(1.11) and (2.20),

tz 2

I(t,u) € = tul® - [ (a lul" - a,)ax + = (2.21)

2 a 3 4
as t + ® for any u € E\{0} which shows that I is not bounded
from below. Moreover I is not bounded from above. Indeed choose

1
any orthornormal basis (em) for E = wo'z(ﬂ). Then for any R > 0,

-12-




R‘n =~ 0 and J(Rcm) -~ 0 via Proposition 1.10. Hence

1.2
I(Rsm) > ry R

for all large m = m(R). Since R 1is arbitrary, I is not bounded
from above in E.

Proof of Theorem 2.18: We will show that I as defined by (1.11)
satisfies the hypotheses of Theorem 1.1. Clearly I(0) = 0 and

hypotheses (p,)-(p,) and Proposition 1.10 show I e c’(z,n)-
Hypothesis (p,) implies (I,) via Remark 2.19. The form of I shows
(I4) holas if J(u) = o(lulz) as lul » 0. By (p;), for any

€>0, there is a 8§ > 0 such that [§] € § implies

Ip(x,E)| < €|E] ana

Ip(x,E)] < % elg)? . (2.22)

By (py/, there is an A, > 0 such that

IP(x, €)1 < a j&1*" (2.22°)
for |E] > 8. Adding these two equations yields
Ipex,£)1 < 5 1817 + A tg1*" (2.23)

for all § € R. The Poincaré and Sobolev inequalities then imply

s+1

€ =1 2
La+ <ag(z+ At )t (2.24)

13(a)} < £ 1at?. + A_tul
2 L2 €

for all u € E. Since € is arbitrary, J(u) = o(lulz) as
jul + 0 and (I4) is satisfied. Lastly suppose (u,) is a sequence
in E such that [I(u,)| €M and I'(u,) * 0. Then for all large

m and u S u,
n

M+ Blul > 1(u) - BI'(ulu = (2.25)

- (% - 8)1u1? + [ (Bp(x,ulu = P(x,u) )ax
a

where $ & O.l « Choosing B = l, (p,) and (2.25) show
2 u 4

-13=-




1 2
My + Blu l > (3 - B)lu !

where M, is independent of m. It follows that (u,) is bounded
in E. Therefore by Proposition 1.14, (PS) is satisfied. Hence
Theorem 2.18 follows from the Mountain Pass Theorem.

Corollary 2.27 [18]: Suppose p satisfies (p;), (py), (p3) and

(pz) There exists ¥ > 2 and r > 0 such that
0 < pP(x,E) € Ep(x,&) for E>r .

Then (1.9) possesses a classical solution u > 0 in Q.

Proof: Define p(x,E) = p(x,) 4f £ >0 and p(x,§) =0 if
E<O0. If P denotes the primative of E, wP(x,E) < Ep(x,E) for

all (€] > r. The argquments of Theorem 2.18 show

I(u) = %-Iul2 - f P(x,u)dx
Q

satisfies the hypotheses of the Mountain Pass Theorem. Indeed only
the proof that I satisfies (12) need be modified. The verification
of (I,) follows from (2.20) which now holds for £ > 0. Taking e

to be a positive function in @ then easily yields (I,). Therefore
by Theorem 2.1, the equation

-Au = p(x,u), x€ 8 (2.28)
u=20 s X @ 939

has a nontrivial weak solution u and by Proposition 1.13 u is a
classical solution of (2.28). Consider D = {x e Qu(x) < 0}. Then
by the definition of p,

-Au=0, xe? (2.29)
u=0, xe 3D,

The Maximum Principle then implies D = §. Therefore u >0 4in @

and hence satisfies (1.9). Since we can write (2.28) as
- - - +
-Au - (M)“ = (M)u
u u

where pt are respectively the positive and negative parts of ;

-14-




and B(x.u)tu.i are continuous via (p3), the Strong Maximum
Principle implies u > 0 in R and %% <0 on 3@ where Wx)
is the outward pointing normal to Q.

Corollary 2.30: If p satisfies (p;), (py)=(py), (1.9) possesses a

classical solution u > 0 and a classical solution w <0 in @
Proof: since.(p4) implies (p;), the existence of u follows from
Corollary 2.27. A truncation argument similar to that of Corollary
2,27 also yields the existence of the negative solution w.

Remrk 2.31: More careful arguments avoiding the classical Maximum
Principle give weak solutions u and w as in Corollary 2.30

with (p;) replaced by (py). An interesting open question is whether
one can get the positive and negative solutions of (1.9) in a wmore
direct fashion without using the truncation arguments of the above
Corollaries.

Remark 2.32: An identity of Pohozaev [21] for solutions of (1.9)

when p is independent of x says

2n [ P(wax + (2 - n) [ pluudx = [ xevix)|Wu|?ds . (2.33)
Q 2 an

Thus if § 4is starshaped with respect to the origin, xe°v(x) > 0
and (2.33) implies

n-2
2n

[ P(w)ax >

| ptx,u)udax (2.34)
Q Q

Thus if P(u) = (s + 1)“1|u|’+1, (2.34) shows 8 € {(n + 2)(n - 2)-,

and a growth condition is necessary to get nontrivial solutions of
{(1.9). An interesting open question is to better understand the
relationship between the geometry of the domain and the growth rate
of pi(x,E). E.g. for domains with holes, there may exist nontrivial
solutions even if s > (n + 2)(n - 2)"'. This is known in particular
for p a pure power in an annular domain in R".

For our next PDE application, consider the nonlinear eigenvalue

problem



-Au = Ap(x,u), xe g _ (2.35)
a=0 , X € 239

where A € R.

Theorem 2.36 [18]): Suppose p satisfies (p;), (p3), and
(pg) There is an r > 0 such that p(§) > 0 in (0,x)
and p(r) = 0.
Then there exists a A > 0 such that for all A > A, (2.35) has at
least two classical solutions which are positive in Q.
Proof: Define p(£) = p(E) for Ee [0,r] and p(E) = 0
otherwise. Then p satisfies (p;), (p3), and (pg)e If u is a

solution of

-Au = Ap(u), xe @ (2.37)

u=0 s, X @ 30

the argument of Corollary 2.27 shows U (as defined there) = ¢
and u >0 in Q. A similar argument shows pt - fue Qu>r}=4%
Hence 0 <Cu<c<r in Q and u satisfies (2.35). Thus to prove the
theorem, by these observations and Proposition 1.13 it suffices to
find nontrivial critical points of

I,() =3 tut® - A [ Blutex (2.38)

on E= w;'z(n) where P is the primative of E. Since E

satisfies (p,) with s =0, I, e c1(E,R) and I, satisfies (I,)

A A
via (p;), (p3) as in Theorem 2.8. Suppose (u,) is a sequence such

m
that Ix(u-) < M. Then by (p;) with s =0,

1 2
7 W 1° - a sjz lu lax - ag € I (u) <N . (2.39)
Hence by the HBlder and Poincaré inequalities (u,) is bounded and
(P8) follows from Proposition 1.14,
Inequality (2.39) also shows I, is bounded from below. Thus

b, = inf IX

» g
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is a critical value of Ik by Proposition 1.8. It is possible that
b, = 0 and corresponds to the trivial solution u =0 of (2.35)
(Indeed b, = 0 for small A). However let ¢ € E\{0} such that
>0 and ¢(x) e [0,x) for x € fl. Then for A sufficiently
large, Ix(O) < 0 and therefore bA < 0. Set

A= inf{) e nlbl < 0}. Then for all A > ), IA- has a critical

A such that Ix‘“x’ - bA <0 ang Uy is a positive

solution of (2.35). Moreover since Ix(ux) <0, Ix satisfies

peint u

(Iz). Hence by the Mountain Pass Theorem, IA has a second critical
point u; such that Ix(u;) >0 and u; is also a positive
solution of (2.35). Thus we have two distinct positive solutions of
(2.35) for A > A and the proof is complete.

§3. THE SADDLE POINT THEOREM

Our goal in this section is to prove:
Theorem 3.1 (Saddle Point Theorem) [22]: Let E =V ® X vhere V
iu finite dimensional. Suppose I € c‘(:,n) and satisfies (PS). 1If
thcrc.are constants & and B and a bounded neighborhood D of
0 in V such that '

(13) Ilan <a,

and

(x4) le >»Br>a,
then I possesses a critical value c > B. Moreover c can be
characterized as

¢ = inf max I(h(u)) (3.2)
helr ued

vhere
P={(hec(PE)h(u) = u for u e 3P}

Remark 3.3: Note that unlike the applications of the Mountain Pass
Theorem in §2, there is no known critical point to begin with in
Theorem 3.1, If I(u) + - % as u+ 2 in V and I(u) + » as

u+e in X, then I satisfies (I;)-(I,). This will be the case
if X 4is e.g. convex in X, concave in V, and appropriately

coercive.
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One of the tools that goes into the proof of Theorem 3.1 and
some later results is the theory of topological degree of Brouwer in
the finite dimensional case and of Leray and Schauder in the infinite
dimensional setting. Therefore we will make a brief digression to
discuss the results we will need.

Let 0 Cc R® be bounded and open, ¢ € C1(0,Rp), and

b € R*\¢(30). Consider the equation

¢(x) = b . (3.4)

We are interested in whether there are any solutions of this equation
and if so how many. Suppose ¢'(x) is nonsingular whenever

¢(x) = b. Then by the Inverse Function Theorem, solutions of (3.4)
are isolated and therefore there can only be finitely many of them
since by hypotheses b ¢ ${(30). For this "nice"™ case we define the
(Brouwer) degree of ¢ with respect to O and b, 4(4,0,b), to be

ac,0,5) = § sign]¢'(x)] (3.5)
x4 (b

where [¢'(x)| denotes the determinant of ¢' at x. Then
da(¢,0,b) possesses the following properties
1° a(iq,0,b) =1 if be0; and =0 otherwise
2° a(¢,0,b) # 0 implies there exists x € 0 such that
$(x) = Db
3* a(¢,0,b) =0 if Db ¢ $(0)
4* (Continuity of 4 in ¢): a(y,0,b) = a(¢,0,b) for all
Vv near ¢
5¢ (Additivity) If 0 = 0; V0, where 01 N 02 = ¢ and
b ¢ $(30,) U $(30,), a($,0,b) = a($,0,,b) + a(4,0,,b)
In 1°, i3 denotes the identity map. The proofs of the above
statements are immediate from the definition with the exception of 4°

(which refers to "nice" C1

mappings § near ¢) which follows with
the aid of the Inverse Function Theorem - see [9].
This notion of degree extends from the class of nice c1 's

to C(a.lﬁ). See [9] for the proof of:
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Theorem 3.7: There is an integer valued map d = a(4$,0,b) defined
for all bounded open sets O CR?, ¢ e C(a,nﬁ), and b e Rn\¢(30)
and which satisfies 1°-5°® of (3.6). Moreover 4 1is given by (3.5)

for "nice” ¢.
Remark 3.8: In Theorem 3.7, 4° of (3.6) refers to all maps ¥ near

¢ in c(0,®M.

An important consequence of 4° is the homotopy invariance

property of d.
Proposition 3.9: If H e c((0,1] x §,R") ana b ¢ H([0,1) x 30),
then d(H(t,°*),0,b) is independent of t.
Proof: By 4°* of (3.6), d(H(t,*),0,b) is continuous in t and is

integer valuéd: hence the result.
Proposition 3.9 implies that d(¢,0,b) depends only on the
values of ¢ on 230:
Corollary 3.10: If ¢,y e c(O,R"), é =% on 230, and
b ¢ R'\¢(30), then d(4,0,b) = d(¥,0,b).
Proof: Set H(t,x) = té¢(x) + (1 - t)y(x) and invoke Proposition
3.9.

The finite dimensional degree theory that has just been
described has an extension that is valid in an infinite dimensional
gsetting. Let E be a real Banach space and ¢ e C(a,E) vhere

0 CE is bounded and open and &(u) = u ~ T(u) where T is
compact. The resulting degree theory is due to Leray and Schauder
and can be obtained from Theorem 3.7 by a limit process. See {9] or
[23) for details. For later reference we state:

Theorem 3.11: Let E be a real Banach space. There exists an

integer valued map 4 = d(9,0,b) defined for all bounded open

sets (0 CE, ¢é(u) =u - T(u) e c(a,x) where T ig compact, and

b e E\®(30) and which satisfies 1°-5° of (3.6). .

Remark 3.12; It follows from their proofs that Leréy—échauder degree

also satisfies the conclusions of Proposition 3.9 and Corollary 3.10. i
Now we turn to the
Proof of Theorem 3.1: Let P denote the projector of E onto V

obtained from the given splittingof E. If h e T, then
Ph e c(D,v) and we can identify V with R for some n.
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Moreover for u € 30, Ph(u) = Pu=u # 0. Thus d4(ph,D,0) is
defined and by Corollary 3.10 and 1®* of Theorem 3.7,

a(ph,D,0) = a(iq,0,0) = 1

Thus there exists x € D such that Ph(x) = 0. Since
h(x) = (id - P)h(x) e X, by (I,)
max I{h(u)) » I(h(x)) > B . (3.13)
0
But (3.13) holds for each heT so ¢ >» 8. If ¢ is not a
critical value of I, set €= % (8 -~ a) and invoke the Deformation
Theorem to obtain € and n as usual. Chonse h e I' so that
max I(h(u)) € ¢ + € (3.14)
D
and consider n(1,h). The choice of € implies n{1,h(u)) = u 1if
u € M and therefore n(1,h) € T'. But then

max I(n{1,h(u))) <€ ¢ - ¢ (3.15)

contrary to (3.2).

For some applications of Theorem 3.1, see [22].

;4. A GENERALIZED MOUNTAIN. PASS THEOREM

There are many variations of the Mountain Pass Theorem, some of
which essentially contain both Theorems 2.1 and 3.1. See e.qg. [1],
{13], [14]). 1In this section a relatively simple extension of Theorem
2.1 which requires the degree theory machinery of §3 will be proved
and a PDE application will be given.

The main abstract result in this section is
Theorem 4.1 {24]: Let E =V @ X where V 4is finite dimensional
and let 1 € C‘(E,R) and satisfy (PS). Suppose further I

satisfies

(Is) There are constants ¢,a > 0 such that IlaB Ax > a and

P
(16) There is an e € 381 N X and R > p such that if

Q= (Bnﬁ v) ® {rej0 € r < R}, I|aQ < 0.

Then I possesses a critical value ¢ » a which can be
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characterized as

c = inf max I(h(u)) (4.2)
her uveQ

where
F={hec(QEh(u) =u if u e R}.

Remark 4.3: (Ig) is satisfied if Ilv < 0 and there is an

e € 381 NX and R > p such that I(u) <0 if u & span{Vv,e} and
ful > R. If I(0) =0 > I(e), V = {0}, and X = E, we are back
in the setting of Theorem 2.1.
Proof of Theorem 4.1: Suppose ¢ > a, where ¢ is defined by

(4.2). Then a familiar argument completes the proof: 1f ¢ is not
a critical value of I, by the Deformation Theorem with €= f '
there exigts € and n as usual. Choose h € T such that

max I(h(u)) < c + ¢ (4.4)
ueQ

and consider n(1,h). Clearly n{(1,h) € C(Q,E) and by our choice of
a,n(1,h(u)) =u on 3Q. Thus n(?,h) € T but by (4.4),

max I(n(1,h(u))) € ¢c - €, (4.5)
ueQ

contrary to (4.2).
Thus the only novelty in the proof is to show ¢ > a It

suffices to prove
h{Q) N asp NX # ¢ (4.6)

for each h €T for then {f héeé [l and w € Q such that
h(w)eanpnx,

max I{h{u)) » I(w) » inf I (4.7)
ueQ 3Bpﬁx

Since h is arbitrary, (4.7) and (Ig) imply c > a.
To verify (4.6), let P denote the projector of E onto V
given by our splitting of BEB. Then (4.6) is equivalent to
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for some u € Q, u dependingon h. If ue€Q, u=v+re where

ve ER NV and 0 < r < R. Define

o(xr,v) = (1{id - P)n(v + re)l,Ph(v + re))

Thus @ is continuous on R X V (which we can identify with
R X% RF for some k)., Note that on 3Q, h = id so for u € &,

é(xr,v) = (1(id - P)(v + re)l,P{(v + re)) = (r,v) ,

i.e. ¢ = id on 23Q. 1In particular &(r,v) # (p,0) on 9Q and
d(%,int Q,(p,0)) is defined where int Q denotes the interior of

Q. Furthermore
da(®,int Q,(p,0)) = d(id,int Q,(p,0)) = 1 (4.9)

by Corollary 3.10 and 1° of (3.6)., But (4.9) implies (4.8) has a
solution in Q wvia 2° of (3.6). The proof is complete.
Remark 4.10: An interesting open question in the settings of

Theorems 2.1, 3.1, or 4.1 is the following. Suppose I'(ﬁ) =

u - T(u) where T is compact. Let w be a critical point of I
with critical value ¢ where c¢ is given by (2.2), (3.2) or

(4.2). 1If further w is an-isolated zero of 1I', 4(I',B.(w),0) is
defined for small r and is independent of r by 5° of Theorem
3.11. One can therefore ask: What is this degree? Such information
would assist in obtaining further zeroes of 1I°'.

Next we will give a PDE application of Theorem 4.1. Consider
-Au = A + p(x,u), xe g (4.11)
u=20 . x € 239

where 0 is as in (1.9) and p satisfies (py)-(p,) of Theorem 2.18

as well as

(pg) Ep(x,§) >0

for all & e R.
Theorem 4.12 (24]: If p satisfies (py)-(p,) and (pg), then for

each A e R, (4.11) possesses a nontrivial weak solution.

Proof: Let (Xk) denote the eigenvalues of

-Av = pv, x € {4.13)
v=0, x €2
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We order the lk by increasing magnitude, each eigenvalue being
listed a number of times equal to its multiplicity. As is well
known, this multiplicity is finite and 0 < 11 < Az € oo € Ak >
as k + = Let (v,) Dbe a corresponding orthonormal sequence of
eigenfunctions of (4.13).

If X < 11, the proof of Theorem 2.18 carries over unchanged to
the present case and (pg) is not needed provided that we take as

eguivalent norm in R

(f cival? - mhrax)V? .
a

Thus the interesting case is A > X1. Suppose ) € [xk'lk+1) for
gsome Xk > 1. Set V = spgn{v1,...,vk} and X = V~, the orthogonal
complement of V. Using e.g. an eigenfunction expansion, it is easy

to see that for u € X,

[ avai® - nPax > o tai? (4.14)
a
where qk = 1 - kk;li. Let
mw = [ 3 (0wl - w?) ax - 3w

2

where J is as in Theorem 2.18. Then as earlier J(u) = o(lulz) as
u + 0 which with (4.14) yields (Ig). Next note that for u eV,

[ (w2 - wmdax <o

Q
so by (96)' I(u) €0 for uevV. Moreover for u € E =
span{V,v. .}, by (pg) and (2.20),

I(u) € f [% (IVuI2 - Xuz) - ¢|3|u|‘l + 34]dx (4. 15)
v}

Since E is finite dimensional, the u term in (4.15) dominates for
large u and therefore there exists R > p such that I(u) <0 in

E\Bz. Thus (Ig) is satisfied with e = v

k+1 via Remark 4.3,
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Once (PS) has been established, Theorem 4.12 follows from Theorem
4.1. To verify (PS), a slight variation of the argument of Theorem
2.18 is required. Suppose II(um)l <M and I'(w ) + 0. Let

Be (%, %). Then for all large m and u = u, we have

M + Blul > I(u) - BI'(u)u = (4.16)

= [ [(%-— B]lvu|2 - k(% - B)uz - P(x,u) + Bp(x,u)ulax
n -

> (3 - )twr® - A7 - 8) [ wfax + (Bu - 1ay f ful¥ex - o
Q Q

via (p,) and (2.20). Since by the H&lder and Young inequalities
4

lul , <a/lul < K(e) + ehat? (4.17)
L yAd ¥

for all € > 0 wvwhere K(g) + » as € + 0, by choosing €

sufficiently small, the lul 2 tem in (4.16) can be absorbed by the

L
jul " term modulo increasing ag. It then follows that (uy) is
L
bounded in E and (PS) is a consequence of Proposition 1.13. The
proof is complete. '
Remark 4.18: By following the arguments of Corollary 2.30 it is not
difficult to show that if p also satisfies (p;). (4.11) has a

positive and a negative solution for A € (-G,l1). However if

A X1, this is no longer the case. Indeed suppose u > 0 in Q
is a solution of (4.11). As is well known, v, has one sign in @
which we can take to be positive. Then by (4.11) and (4.13),

] (-du)v. ax = [ u(-av)ax = A, J uv ax (4.19)
2 2 Q
- [ (Au + p(x.u))vidx
Q
or
(Ay = A) [uv,ax = [ p(x,u)v ax (4.20)
Q Q
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' Since the right hand side of (4.20) 1is nonnegative via ‘96) while the
left hand side is negative, this situation is not possible.

§5 SYMMETRIES AND MULTIPLE CRITICAL POINTS

When a functional is invariant under a group of symmetries, many
situations are known in which it possesses multiple critical points.
To minimize technicalities we will treat the simplest such case when
the group is Z,. In particular we will study an even functional,

i.e. I(u) = I(-u). (I possesses a Z, symmetry since it is
invariant under the maps {id4,-id}). The first multiple critical
point theorem we know of is a classical result due to Ljusternik [25].
Theorem 5.1: Let I € c‘(RP,R) with I even. Then I

n=1
possesses at least n distinct pairs of critical points.s

Note that critical points of II p-q OCSUr in pairs since I is
even. To prove Theorem 5.1 and treat other even functions, we need a
tool by means of which we can cléssify and work with symmetric sets.
with E a real Banach'space, let E denote the family of subsets

A C E\{0} such that A is closed in E and A is symmetric with
respect to 0, i.e. x € A ‘implieg ~x € A. An index theoxry on E

is a mapping i : £ + RU {=»} with the following properties:
1° (Normalization):s For x @ E\{0}, i({x,-x}) = 1 )
2®* (Mapping property): If A,B € E and there is a map
¢ e C(A,B) with ¢ odd, then 41i(A) < i(B)
3® (Subadditivity): If A,Be E, i(A UB) < i(A) + i(B) [ (5.2)
4° (Continuity property): If A € E is compact,
i(A) < @ and there exists a uniform neighborhood of
A, No(A) = {x € E[Ix-A) < §} such that 1(A) = i(N(A)).
For future reference, note the following two easy consequences
of 1°-4°;
5® (Monotonicity): If A,B @€ EF and A CB, i(A) < i(B)
6* 1f A,BeE, 4(A\B) > i(A) - i(B)
To prove 5°, just take ¢ = id in 2° and for 6° note that
ACBU I{E and invoke 5® and 3°.

s

Several examples of index theories can be found in the

" literature, mainly for 2z, and s' gymmetries. See a.g9. [26]-
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(28}. The simplest one and easiest to work with is that provided by
the notion of genus [6], [29]). For A eE, A # ¢, we say A has
genus n, denoted by Y(A) = n, if there is an odd map
b e c(A,R™\{0}) and n is the smallest integer with this
property. If there is no finite such n we set Y(A) = », By
definition, Y(¢) = 0.
Some simple examples are in order. Suppose A =V u (-V) e E

where V N (-V) = ¢, Then Y(A) = 1 since we can set ¢(x) = 1
for x eV and ¢(x) = -1 for x € -V making ¢ odd and in
C(A,R\{0}). 1In particular any finite set of points A can be so
decomposed so Y(A) = 1. Thus if Y(A) > 2, A contains infinitely
many'points. As another example, suppose A € E is a connected
set. Then Y(A) > 2 for otherwise Y(A) = 1 implying there exists

¢ e c(A,R\{0}) with ¢ odd. But ¢(x) > 0 for some x € A and

¢(-x) < 0. Since ¢(A) is connected, this shows 0 € ¢(A), a
contradiction.

We will show that Y satisfies 1°-4°® of (5.2). Indeed 1° is

clear. Té prove 2°, suppose Y(B) = n < ® or the result is
trivial. Hence there is an f e C(B,Rp\{o}) and odd. The function
£f* e C(A,Rn\{O}) and is odd, so y(A) < n = Y(B). For 3°, let
Y(A) = m, Y(B) = n, again both finite. Then there is a

¢ e c(A,R"\{0}), ¥ e c(B,R*\{0}), with ¢ and ¢ odd. Using e.g.
the Tietze Extension Theorem, continuously extend ¢, ¥ to

; e C(E,RF), ; e C(E,RP). By taking odd parts if necessary, we can
assume ;, ; are odd. Letting f = ‘3.3), fec(aAvu B,RF+n\{0}) and
is odd. Hence Y(A UB) € m+ n = y(A) + Y(B) and 3® holds. Lastly

if A 1is compact, there are finitely many sets
k

A, =B B (- < ] .
j rj(xj) v tj( xj) with rj lxj such that A C 2 Aj By an

above example, Y(Aj) = 1 so by 3°, y(A) < », If Y(A) = m, there
is a ¢ e c(A,R"\(0}) with ¢ odd. As in the proof of 3°, ¢ has
an odd extension ; e C(E,R’). Since ¢ # 0 on A, ; #0 on

6(A)) < m. But by 5° of (5.2),
(A)) > Y(AR) and hence Y(NG(A)) =m= y(A).

NG(A) for some § > 0, Hence Y(N

Y(N6
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The index theory provided by Yy is sufficient for our later
purposes and therefore we will not discuss any others here. To prove
Theorem 5.1 some additional preliminaries are needed.

Proposition 5.3: If D 4is a bounded, open neighborhood of 0 4in
Rk which is symmetric with respect to the origin and y e C(SD,R’)
with ¥ odd and J < k, then there exists £ € 30 such that

Y(g) = 0.
Proof: The proof can be found in [9].
Proposition 5.4: Let D C R be a bounded, open, symmetric
neighborhood of 0 and A € E with A homeomorphic to 30 by an
odd map h. Then Y(A) = k.
Proof: Since h e C(A,3D) with h odd, vY(A) < k. 1If

Y(A) = 3 <k, there is a map ¢ € C(A,RI\{0}) with ¢ odd. But
then ¢ = ¢ ° h! e c(av,nj\{o}) with ¢ o0d4, contrary to
Proposition 5.3.

An immediate coﬁsequence of Proposition 5.4 is

Corollary 5.5: If A € € is homeomorphic to s*! by an odd

homeomorphism, Y(A) = n.
As a final preliminary we need a version of Theorem 1.1 for
sm-'1 - see Remark 1.4 (i) - which we shall simply state. Note

that if I =1 n=1’ f'(x) = I'(x) - (I'(x)x)x. For c¢,s € R,

let i; = {x e Sn-1|f(x) = c and I'(x) = 0} and
i; = {x e Sn-1lf(x) < s}.
Proposition 5.6: If I e c‘(lP,R), for any ¢ € R and
neighborhood (0 of Ec' there is an € > 0 and
nec(ro,1 xs™1,s™") guch that
1 n(0,°*) = ia
2¢ ““'fm\m c i‘__s _
3* 1f K, = ¢, n1Aa_dc Aee
4°* If I 1is even, n(1,*) is odd.

Now we can carry out the
Proof of Theorem 5.1: Let ;k = (A C Sn-1|Y(A) >k}, 1<k <n.
Corollary 5.5 shows ?; #4¢, 1<k <n. Define

c, = inf max I(u), 1<k<n (5.7)
Aey, uea
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Note that <, € «e0 € cn since ;‘ D eee D ;;. We will prove that
Sx ie a critical value of I, 1 <k < n. This in itself is not
sufficient to prove Theorem 5.1 since Cx may be a *degenerate”
critical value, i.e. ¢ = ..v = G 4y for some J > 1 with
possibly fewer than 3j distinct pairsof critical points corresponding
to ¢ (and hence fewer than n pairs for f). To surmount this
potential Aifficulty, it suffices to establish the following
"multiplicity lemma”.

Lemma 5.8: Suppose Cy ™ ... = Cx+§-1 H c.~ Then 1(£;) > 3.

Thus if 3j > 1, by earlier remarks, Kc contains infinitely
many distinct points. Thus Theorem 5.1 is an immediate consequence of
Lemma 5.8.

Proof of lLemma 5.8: Suppose 7(E;) < j. Then by Proposition 5.2,
there is a 5 > 0 such that Y(Ns(xc)) < j. We invoke Proposition

5.6 toget € and n as in that result. Choose A € §;+j-1 such
that
max I ¢ c+ € {(5.9)
A
Let B = A\Né(xc)' By 6° of.Proposition 5.2, Y(B) >x -1 8o
B e ;; as is n(1,B) via 2° of Proposition 5.2. But then by 2° of
Proposition 5.6,
max I < e, = ¢ {5.10)
n(1,B)
contrary to (5.7).
Remark S5.11: Since {x,-x} e ;1 for any x € sn-l' it follows that
I n=1  js the only set in

c, = min E. Moreover cn = max I since §
?n. In fact if A € ;; and A # 8", there is an x e s" \A. we

1 n-1

can then project A to H\{0} where H is the normal hyperplane
to x through 0 and then project the resulting set radially into
HN S““. Since these projections are odd continuous maps, by 2° of
Proposition 5.2 and Corollary 5.5, Y{(A) < y(HN sn-1) =n -1,
Consequently no such A exists and ;; = {sn-1}.

Remark 5.12: Another way to characterize critical values of I is as

b, = sup min T(x), 1¢j<n. (5.13)
Aey, xeA
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It is easy to ses that by = Cn and cq = hh’ However it is an open
question as to whether bj = Cpej+1 for 3} # 1,n. If genus is
replaced by the cohomological index of [26], it can be shown that the
above intermediate critical values are equal.

There have baen many infinite dimensional generalizations of
Theorem 5.1, see e.g. [2], [10]. We will give one next.
Theorem 5.14: Let E be an infinite dimensional Hilbert space and

1 e C'(S,R) be even. If I =1I 38 satisfies (PS) and is bounded
1

from below, then T possesses infinitely many distinct pairs of

critical pointse.
Proof: The proof of Theorem 5.14 is formally the same as that of
Theorem 5.1 using the infinite dimensional analogue of Proposition 5.6
~and the fact that j in Lemma 5.8 must be finite via (PS). We oamit
the details.

The requir?@ent that I satisfies (PS) in Theorem 5.14 is too
restrictive for applications. Consider e.g. the following problem

~Au = Ap{x,u), x @ Q : (5.15)
a=0 s X € 39

where p is odd, satisfies (p,), (p,),
(p7) p(x,§) 4is odd in §

and
(pé) Ep(x,E) >0 4if & # 0.
For u € E = w;'z(n), let
I(u) = -f P(x,u)ax (5.16)

Q

Then I e c'(z,n), is even, and is weakly continuous via Proposition
1.10. If I = IIQB , at a critical point u of I we have
1

-] plx,u)¢ax + (J p(x,u)udx) [ VueVéax = 0
Q Q Q

for all ¢ € E. Therefore u is a weak solution of (5.15) with
A= (f p(x,u)udx)-' provided that the A term is finite and this will
a
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be the case via (pé) since u e 331. The weak continuity of I
implies I 1is bounded from below (and above). Unfortunately I does
not satisfy (PS). In fact let (u,) be any sequence in BB‘ such
that u, == 0. Then I(um) is certainly bounded. Moreover
I'(a ) = I'(uy) = (I'(uglugduy + I°(0) =0
via (py) and Proposition 1.10. Since we can choose (u,) so that
umf+ 0, (PS) is not satisfied.
All is not lost, however for recall Remark 1.4 (iii). One does
not need (PS) globally but only a local version thereof. Our above
remarks show the local version fails for this example when ¢ = 0.
Now suppose ¢ # 0 and (um) C 38' is a sequence such that

I(um) + ¢ and I'(um) + 0. since (u,) is bounded, u, = u.
Therefore I(uy) + I(u) = c and I'(uy)u, + I'(u)u via Proposition
1.10, Since ¢ # 0, (pé) implies u # 0. Consequently the sequence
of numbers

v = -
I (um)um é p(x.um)umdx
is bounded away from 0 and’
-1 ~
= ] (] - Tt
u, (I,(um)um) (x (“m) 1 (um))
converges strongly. Thus '(Ps)loc' is satisgfied. Since we define

c, = inf sup Y(u), keN
AEYh u€A

(5.16) and (pé) imply ¢ < 0 for each k € N. Consequently our
above remarks yield

Theorem 5.17: If p satisfies (p,), (py), (pé). and (pq), (5.15)

possesses a sequence of distinct pairs of weak solutions, (Xk,tuk).
on R X 38‘, where lk = I'(uk)uk.

Remark 5.18: Of course the same argument works for 3Br for all

r > 0. It is also a good exercise to show that N +0 as kx + =
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Theorems S.1 and 5.14 yield multiple critical points of
constrained symmetric functionals. The next result treats an
unconstrained situation.

Theorem 5,19 (Clark {11]): Let I & c‘(B,R) be even and satisfy
(pS). If I(0) =0,
(Iy) I is bounded from below,

and

(Ig) There is a K e E such that Y(K) = x and sup I <O,
K

then I posseases at least k distinct pairs of critical points with
corresponding negative critical values.

Proof: Set - {A C ElY(A) > 3} and define

cj = inf sup I(u) 1<j<k (5.20)
ACYj u€A

Since Y e, € eee €c  and by (I4), ¢, > -=» In fact

j+1 © Yy¢ 4 X 1

Proposition 1.8 implies cy = i:f 1. Hypothesis (Ig) shows ey < 0.
That the numbers cj are critical values of I §nd there are at
least k distinct pairs of corresponding critical points then follows
essentially as in the proof of Theorem 5.1 with Theorem 1.1 replacing
Proposition 5.6. One must also use the fact that I(0) = 0. Hence in
the analogue of Lemma 5.8 for the current setting, since ¢ < 0,

] * K, and K e E. The remaining details are the same as earlier so
we omit them.

Remark 5.21. Actually Clark proved a more general result in [11].

We will give two applications of Theorem 5.19. Consider first
-Au = A(u + p(u)), xeQ ($.21)
u=20 ¢ X € 3R

Let (lj) denote the aigenvalues of the corresponding linear

problem (4.13) as earlier.

Theorem 5.23 [29], {30]; Suppose p satisfies (p;i. (p3), (py) and
§ + p(f) satisfies (pg). If A Xk, then (5.22) possesses at
least k distinct pairs of nontrivial solutions.
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Proof: Define p(E) = £ + p(E) for Ee [-r,r] and B(E) = 0
otherwise. Then p satisfies (p;). (pg)s (py), and (py) with

s = 0. With p 8o defined, any solution of (2.37) will satisfy
(5.22). Thus it suffices to find solutions of (2.37) or critical
points of IX as defined in (2.38). By (pq), Ix ig even in u and
by the proof of Theorem 2.36, I, e c1(E,R). satisfies (PS), (I,),
and IA(O) = 0. Thus once we verify (Ig), Theorem 5.23 follows from

Theorem 5.19 and Proposition 1.13. Let

x 2 2
k={] av, Ial =58} (5.24)
- 33 b
=1
where vy is as in (4.13) and B 1is free for now. It is clear
that K is homeomorphic to S*~! by an 0dd homeomorphism. Therefore
Y(K) = k by Corollary 5.5. For B8 sufficiently small,
Plu) = %’uz + P(u) for u @ K. Consequently,

2
1 2
I,(u) = é [3 17al® = A(G- + P(w))]ax

= )f 1(1-{-)q§-o(82)<o
3=1 3
for u € K via (p;) and our choice of A. Thus I, satisfies (Ig)
and the proof is complete.
For our final application in this section, we prove a version of
Theoxrem 1.36 for odd p.
Theorem 5.25 (18]: Suppose p satisfies (p,) and the hypotheses of

Theorem 2.36. Then for each k € N, there exists a ik such that
for each A > Ak' (2.35) has at least k distinct pairs of
solutions.

Proof: As in the proof of Theorem 2.36 it suffices to prove the
result for the modified equation (2.37) and therefore to find critical
points of IA(“) as defined in (2.38). Moreover Ix(u) is even in
u and satisfies the hypotheses of Theorem 5.19 except possibly

(Ig). Define K by (5.24) where B is so small that u € K implies
P(v{x)) = P(u(x)) > 0 4f wu(x) # 0. It follows that
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inf [ P(u)dx S q > 0
3 x

-— 1 .2 -1
Thus if A > Ak 23 8 qk v

max Ix(u) < % Bz - qu <0

K
and (IB) is satisfied. Theorem 5.19 and our above remarks then give
us at least Xk distinct pairs of nontrivial solutions of (2.35) which
correspond to negative critical values of IX'
‘Remark 5.26: By using some of the ideas in the proof of Theorem 6.1,

it follows that I, also has at least k distinct pairs of critical
points at which IA is positive. Thus for A > Ak' (2.35) has at
least 2k distinct pairs of solutions. Theorem 2.36 with p o044 is
just a special case of this result with k = 1. See e.g. [18] for

more details.

§6. A SYMMETRIC VERSION OF THE MOUNTAIN PASS THEOREM

In this section we will‘prove a Z, version of the Mountain Pass
Theoren.
Theorem 6.1 [18), [4]: Let E be an infinite dimensional Banach
space and I e c1(B,R) be even and satisfy I(0) = 0 and (PS).
Suppose further E =V & X, with V finite dimensional and I
satisfies (Ig) and

(Ig) Por all finite dimensional E C E, there is an R = R(E)

such that I(u) < 0 for u e E\B

Then I possesses an unbounded sequence of géfzical values.

Remark 6.2: The simplest example of (Ig) is provided by (I,) with the
trivial splitting V = {0} and X = E,

Proof of Theorem 6.1: We will define a family of sets I, and obtain

3
critical values of I by minimaxing I over these sets. Suppose

V is 2§ Adimensional with a basis e‘,...,ez. Choose
e ¢ span{e1,...,em} SE  for m> ¢ Set R ZR(E) and

Dm = Bnhfﬂ l_. Define
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= = N -
Gm {he C(Dmgg)lh is odd and h id on aBRh Em} (6.3)

Note that G *# g, iae G - Now set

rj = {n(d0 \¥)|m > j, he G, YeE v(Y) <m- 3} (6.4)
Proposition 6.5: The sets Pj possess the following properties:
1e rj + g
C
2° (Monotonicity) Pj+1 Pj

3° (Invariance) If ¢ € C(E,E) is odd and ¢ = id on

BBR n Em for all me N, then ¢ : Pj + Pj

m
4°* (Excision) If BeEeT ZzeE, and i(2Z) < s < 3,

then B\zZ e rj-s
Proof: Since G, # 0, 1° ig trivial. If B = h(Dm}Y) e Pj+1, then

m>3+1>3 and i(Y) <m=-(j+ 1) <m=- 3. Hence B € I, and

2° {3 satisfied. If ¢ 1is as in 3°® and B = h(Dm\Y) e Pj, then
$°he Gm' Therefore ¢ '_h(Dm\Y) e T', and we have 3°. Lastly if

—nn . 3
B = h(Dm\Y) er, and 2 e E with i(z) < s < j, then

jl

3

B\Z = hiom\ (¥ Uh~ N(z))) (6.6)

Assuming (6.6) for the moment, we have h“(z) e E since h 1is odd
and therefore Y U h"(z) e E. Moreover by 3° and 2° of (5.2),

LY UNR HZ)) € 1(Y) + 4(h"1(Z)) < 4(¥Y) + 4(Z) € m - (§ - 8)

so B\z e rj_s. To prove (6.6), observe that if b € B\Z, then
b=h(x), xeD N\ (z)CDA\YUR '(2), i.e.

B\Z C h(D_\(¥ U h™'(2))) (6.7)

On the other hand if b e h(Dm\Y V) h-i(z)). then
be h(Dm\Y)\Z C B\Z C B\Z, i.e.

h(D_\(Y U n z))) ¢ g (6.8)

Comparing (6.7) and (6.8) yields (6.6) and the Proposition.
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Next define
c, = inf max I{(u), jen (6.9)

e
B Pj uéB

3

By 2°®* of Proposition 6.5,

cj < cj+1 (6.10)

Proposition 6.11: For jJ > &, ¢, > a.

: — 3
Proof: Let B = h(Dn\Y) e l'j where m > j, Y(Y) < m - j. By the

definition of Ry, I(u) <0 if u e !m\BRm while I > a on
3Bp NX. Since m> 2, XN Dn # ¢ and therefore o < R.. Let

0= {xe Dmlh(x) e Bp} and let 0 denote the component of 0

containing 0. Since h isoddand h=4id on 3B, N E, 0 1sa
symmetric bounded open neighborhod of 0 in E,. w.t:h the obvious
identification between E, and R', Y(30) = m by Proposition 5.4.
If xe a.o, hix) e aap so if © = {x e D_|h(x) i:np}.

¥(0) > vy(30) = m by 5° of (5.2). Therefore Y(6\Y) > j > £ and
Y(h(e\Y)) > £ via 6°* and 2® of (5.2). Consider h(e\Y) NX. If
this set were empty, the profjectdt P of E onto V 1lies in
C(h(e\Y¥),V\{0}) and is odd. But then Y(h(6\Y) < £ = dim V
contrary to our above calculation. Consequently h(;\—‘;) NX #¢ and

by our definition of ©, this intersection lies on B 0’ Thus for

each Bel‘j, there is a w e B such that h(w)eanpnx and by
(Is)t

max I > ¢a

B

from which ¢ j » a follows.

Now we can prove that cj is a critical value of I for
j > L. This and more follows from
Proposition 6.12: If j > & and Cy ™ soe = Cypq-1 % ¢, then !
Y(Kc) > q.
Proof: Since c > a by Proposition 6,11 and I(0) =0, 0 ¢ X, so
K, e E. Moreover X, 4is compact by (PS). 1If Y(Kc) <q, by 4° of

(5.2), there is a § > 0 guch that Y‘“C(xc” - Y(Kc) < q¢ We invoke
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the Deformation Theorem with ( = NG(KC) and € = = obtaining

2
€e(0,e) and ne c(lo,1] x E,E) such that

n(1.Ac+e\0)c Ae (6.13)
Choose B € rj+q-1 such that

max I{u) < c + ¢ (6.14)

uéB

Since BeT. ., B\0 e ry
n{1,*) is odd so by our choice of €, n(1,°) e Gm for all m e N.
Hence n(1,B\0) € I, by 3° of Proposition 6.5. Thus by (6.13)-"

(6.14),

by 4°® of Proposition 6.5. The mapping

3

max I(u) <c - ¢ (6.15)

uen(1,B\0)

contrary to (6.9) and the Proposition is proved.

To show cj + ® as J + ® thereby completing the proof of
Theorem 6.1, an indirect argument related to that of Proposition 6.12
will be employed. By (6.10), (cj) is a monotone nondecreasing
sequence. If (cj) Yere bounded, there is a ¢ such that cj +c
as j + », If cj = ¢ for all large 4§, Y(K;) = o via Proposition-
6.12. But Y(K;) < e by (PS) and 4° of (5.2). Consequently c, < c

3
for all j € N. Set

K={ueekEgle < I(u) €c, I'(u) = 0}

241

By Proposition 6.11, K e E and by (PS) and 4° of (5.2) again, there
is a 8§ > 0 such that vY(K) = Y(NG(K)) £ q < ®» We invoke the
Deformation Theorem with € = ¢ - L and (O = N5(K) to get ¢ and

N satisfying (6.13) with c replaced by c. Choose j > & such
that

cy>c-¢ (6.16)
and B e rj+q such that
max I < c + € . (6.17)
B
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Axguing as in Proposition 6.12, it follows from our choice of € that
n(1,*) e Gm for all m € N and thaf n(l,sia) e Pj. But then
(6.17), (6.13) and (6.15) (with ¢ = c) are contrary to (6.16) and
(6.9). The proof of Theorem 6.1 is complete.

Remark 6.18: (i) Note that the proof of Proposition 6.12 works

whenever the sets rj # é. In particular the argument can be used to
obtain the stronger form of Theorem 5.25 mentioned in Remark 5.26.
(14) The condition that I(0) = 0 can be weakened to I(0) < a
but if this is violated the result may no longer be true. A simple
counterexample is I(u) = 1 - lulz.
We conclude this section with a PDE application of Theorem 6.1 to
(1.9).

Theorem 6.19 [4]: Suppose p satisfies (py), (p;), (py) and (p;).

Then (1.9) has an unbounded sequence of weak solutions.

Proof: As we know from the proof of Theorem 2.18, (py), (p,), (p,)
imply I as defined in (1.11) belongs to C‘(E,R) and satisfies (PS)
and I(0) = 0. By (p7), I 4is even. Moreover (p,) implies (2.20)
which in turn gives (Ig). If (Ig) holds, Theorem 6.1 implies I has
an unbounded gsequence of critical values (ep)e If u, is a critical
point corresponding to Cx

1 2 ,
o = Ilw) =3 Wy 1® - é?(x,u.k)dx (6.20)

b € 4 (“k) were bounded in E, (p3), the Sobolev Embedding Theorem,
and (6.20) show ¢, would also be bounded. Thus (u,) must be
unbounded in BE.

To verify (Ig), let (lk), (vy) be as in (4.13), The
eigenfunctions (v,) form a basis for E. Let V = span{v1,...,vl}
and X = vl where £ is free for the moment. By (pz)

Tw) > 1w - [ (a jul®* + a)ax (6.21)
2 a S 6
By the Gagliardo-Nirenberg inequality [31], for all u e R,

a 1=-a
ful at+1 < biul tul 2 (6.22)

L L
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where b 1is independent of u and

1
s + 1

1 1 1
= - - =] 4 - - R
a(2 n) (1 - a) 2 (6.23)
Moreover if u € X, eigenfunction expansions show

2 2
AL+1'“|L2 < lal (6.24)

Substituting (6.22)-(6.24) into (6.21) yields

~(1-a)(s*+1)

I C R s VT i (6.25)

for all u e aBp N X. Choose p so that the quantity in the
parentheses in (6.25) equals 3@ « Thus determines p = pl as a

function of L. Since Al + ® ag { + ® choose £ 8o large that

2
pz > 8a7. Then .

1 2
I(u) > 8 P

Za
on aap N X and (Ig) holds. The proof is complete.
l .
Remark 6.26: (i) Note that unlike Theorem 2.18, (p,) allows us to

eliminate all growth hypotheses on p near 0. (ii) A slight
variation on (6.20) shows (uk) is bounded in L..

§7. PERTURBATIONS FROM SYMMETRY

In the previous two sections the existence of multiple criéical
points of even functionals has been studied. 1In this final section
the effect of perturbing such a functional by an additional term that
destroys the symmetry will be considered. We will work in the context
of the example just treated in §6. Thus consider

=8u = p(x,u) + £f(x), xeQ (7.1)
u=20 ¢ x €939

and the corresponding functional

1(a) = 3 tut? - [ Bx,u) + flx)u)ax (7.2)
2
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Theorem 7.3 (32]-(35]; 1If £ e L2

(p7), and (92) with 8 such that

and p satisfies (pq), (py),

W (n+2) - s(n=2)
TEE ats = 1) ' (7.4)

then (7.1) possesses an unbounded sequence of weak solutions.

Results related to Theorem 7.3 have been obtained by Bahri and
Berestycki [32], Struwe (33), Dong and Li [34], and the author [35].
The development we follow is that of (35]. Some of the more technical
aspects of the proof will only be sketched referring to [35) for the
details. Whether the restriction on s given by (7.4) is essential
is not known. Bahri [36] has proved that if p 1is a pure power
satisfying (pz), the conclusions of Theorem 7.3 hold for almost all
£ el

As in §6 to prove Theorem 7.3, it suffices to prove I has an
unbounded sequence of critical values. The argument we employ
requires ar estimate of an appropriate type on the deviation of I

from evenness. In particular we need
1T(w - 1¢-w)} < 8, (1x(w)| V¥ + 1) (7.5)

for all u € E. By (7.2) and (pq)

I(u) - I(-u) = 2 [ £(x)udx (7.6)
Q

' We do not believe that (7.6) implies (7.5). However it is possible to

replace I by a modified functional & such that ¢ satisfies (7.5)
and all large critical values of ¢ are critical values of I. To
motivate the modified problem, observe first that by (p,), there are

constants aj,a,,ag > 0 such that
1
< (ER(x,E) + a3) > P(x,E) + a, > aglEl” (7.7)

for all E e R.

Lemma 7.8: If u 4is a critical point of I, there is a constant

ag such that
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[ (Rix,utx) + aax < a (1w + H2 (7.9)
fv]

where ag depends only on Ifl 2°
L
Proof: By (pg), at a critical point of I,

IN)-IN)-%IWMu

2 7

1 1 1
> (5 - ;) é (up(x,u) + aj)dx - 2 'tlnzluln - a

1 1 ] o
> (5‘- ;) g (up(x,u) + aa)dx - clulLu - l:(t:)lfll:‘2 - a,

via the HSlder and Young inequalities where o 1 + u-1 =1, €>0
is arbitrary, and X(€) + ® ag € + 0. Choosing € = % (g - 1)as,
(7.10) yields (7.9).
Remark 7.11: Note that Lemma 7.8 and (7.9) give us a bound for
critical points u of I in terms of the corresponding critical
value I(u).
Now let x e C'(n,l) such that x(t) =1 for t < 1,

x(t) =0 for £t >»2 and =-2< x'<0 for te (1,2). Por

uegpE, define g(u) = 235(12(u) + 1)1/2 and

V) = x(z)”' [ (Rlxu) + aax) . (7.12)
a
Finally set
o(u) = % 1t - [ ((x,u) + Wu)E(x)u)dx (7.13)
b

If u is a critical point of I, by (7.9), ¥(u) = 1 and
®(u) = I(u), &'(u) = 1'(u) = 0. Conversely we havae
Proposition 7.14: Under the hypotheses of Theorem 7.3, ¢ e c'(z,n)

and there is a constant M > 0 sguch that
1* & satisfies (PS) on W = {u € EB|&(u) > M}
2° If u 1is a critical point of & in W, then &{u) = I(u)
and #'(u) = 1'(u) = 0
3° ¢ satisfies (7.5) for all u e &,
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Proof: We refer to [35) for the details of 1°-2®*, To prove 3°, by

(7.13),

#(u) - &(-u) = =(P(u) + ¥(-u)) [ fu ax
’ Q

If u is not in the support of ¥, ¥(u) [ fu dx = 0 while if u is

in the support of ¥, e

[ ®(x,u) + a,)ax < 2¢(u)
Q

due to the definition of ¥ and form of V¢. Therefore

v [ fu ax < (aag)Maac! My igr Hxew® + 1)

Q L

1/2yu

< vwag(zw| ¥ + 1)

by (7.7) and (7.15). Since by (7.2) and (7.13),

[T(u)] < [&(u)] + 2| [ fu ax| ,
Q

combining (7.16) and (7.17) yields

(7.15)

(7.16)

(7.17)

V) [ fuax < ywa oM+ ) JrmaxM e L 10
a

Q

An application of Young's inequality and similar estimates for the

¥(-u) term then give (7.5).

Now we turn to the question of finding critical points for 4.

Let (Xm), (v,) be as in (4.13), En = span{v1,...,vm}, and Bn

i

the orthogonal complement of E . By (2.20), there is an R, such

that ¢(u) < 0 for u e E“\Bnh. Set DIl - BRm N Em and

'fn = {hecE)lh=3id on D}

We define a sequence of minimax values of &:

b = inf max ¢(h(u)), mex
heP- ¢eD-

(7.19)

(7.20)

If £ = 0, the arguments of §6 ghow b, is a critical value of I,
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but with the € term pregsent, these numbers are not in general
critical values of I. We can however get a lower bound for bn'

Proposition 7.21: There is a constant a > 0 such that for large m,
8

P >an (7.22)
m

where B = (n(s - 1)) "V (n + 2 = (n =~ 2)3)

Proof: Using the fact that km > coust.mz/n

[{37] for large m, a
slight modification of the argument given to verify (15) in Theorenm
6,17 yields (7.22). We omit the details.

Before obtaining critical values of @, a second set gf
comparison values must be introduced. Let

= = N
v, {u Vot wit e [o,nmﬂ], we an” E hul < Rm_”} .

i.e. U, is the "upper” half of D, ,; and let

Am = {H e cmm,lz)lnlp‘II e l‘n and H(u) = u

for Iul = R+ and for u € (BR \BR )yn !n}
. o+t m
Set
< 2 inf max ¢(H(u)), men (7.24)
ueAm uEU‘

With M as defined in Proposition 7.14, we have
Proposition 7.25: If ¢, > by, > M, §e (0,c - b)), and

Am(é) z{ne AEIO(H)lpn <b + 6}

then

c (8§) = inf max ¢&(H(u)) (7.26)
HeAn(G) ueun

is a critical value of & with cn(s) > Cpe
Proof: By the definition of by, An(G) # ¢ and cn(ﬁ) > S > M
since An(G) c An' ¢ 4 e.(G) is not a critical value of ¢, 1let
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T = % (cm -~ bm - 8) and invoke the Deformation Theorem to get €,n
as usual. Choose H € An(G) such that

max &(H(w)) ¢ c l8) + ¢ (7.27)
»
ueun

Observe that n(1,d) € C(Un,x) and by our choice of

- . A
e, n(1,H(u)) = u tor fut Rmﬁ and for u € (BR \BR ) !n

m+ 1 m
since & < 0 on these gsets. Moreover on Dy

o(H{u)) ¢ bm + 8§« e, "~ €< cn(é) - ?:, again via our choice of .
Hence n(1,H) = H on Dg and therefore n(1,H) € Am“)' But by
(7.27) and the properties of n1,°),

max &(n(1,H(u))) < cn(a) - € {7.28)

uéu
m

contrary to (7.26).
Remark 7.293; Note that as §+0, An(s) becomes smaller. An
{nteresting open question is what happens to cm( §) as 8 + 0.

To complete the proof of Theorem 7.3, with the aid of Proposition
7.21 and 7.26, it suffices to show that Cp > b, for arbitrarily
large values of m. We w111’ prove
Proposition 7.30: Suppose by = S for all large m. Then there is

a constant ® > 0 such that
b, < w1 (7.31)

for all large mn.

Comparing (7.31) to (7.22), we see these inequalities are
incompatible with (7.4)c Thus ¢, = b- for all large m is
impossible and our proof of Theorem 7.3 is complete.
proof of Proposition 7.303 Choose ¢t >0 and B @& A‘ such that

max ¢®{H(u)) < b‘ + €. (7.32)

weu n

Extend H to Dg,. &as H(u) = B(u) for u & U, and H(u) = =B(-u)
for u @ ~Ug. Since H 1is od4, BeC(D‘ﬂ.l) and belongs to

T

e + Hence
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bm+1 < :;x ¢(H(un)) (7.33)
Y m+1

By (1ii) of Proposition 7.14 and our definition of H, for each

ueuy,

S(H(-u)) < S(H(w) + B (Je@mN]'/¥ + 1) (7.34)

Hence by (7.32) and (7.34),

max Qtﬁ(u)) <€b + e+ 8 ((b + 5)1/9 +1), (7.35)
m 1 m
ue-Um

and consequently by (7.33),

Since

/u

1
bh+1 < bn + €+ 81((bm + €) +1) . (7.36)
€ >0 4is arbitrary,
b ..<b +B.(6%4+ 1) (7.37)
m+? m 1" m

for all large m. WNow by a straightforward induction argument, (7.37)

implies (7.31) and the proof is complete.
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